Abstract. In the general first-level classification of the convexity properties for sets [16] , discrete convexities appear in more classes. A second-level classification identifies more subclasses containing discrete convexity properties, which appear as approximations either of classical convexity or of fuzzy convexity. First, we prove that all these convexity concepts are defined by segmental methods. The type of segmental method involved in the construction of discrete convexity determines the subclass to which it belongs. The subclasses containing the convexity properties that have discrete particular cases are also presented.
Convexities Defined by Segmental Methods
The classical framework for convexity is a nonempty set X in which the notion of a straight-line segment is defined. The following definition introduces the notion, which we refer to as classical convexity. Definition 1.1. A subset A of X is convex if whenever it contains two points, it also contains the straight-line segment joining them.
Therefore, in a convex set, for every two points x ∈ A and y ∈ A, the straight-line segment joining them, denoted by x, y , is also contained in A. In a real linear space, (X, +, ·, R), the straight-line segment joining the points x and y is defined by x, y = {z ∈ X | z = t x + (1 − t)y, 0 ≤ t ≤ 1}.
From this definition we see that the straight-line segment is a set isomorphic to interval [0, 1] , the isomorphism being s: [0, 1] → x, y defined by s(t) = t x + (1 − t)y. It means that the straight-line segment imitates the real interval [0, 1] , implying the connectivity of a classically convex set. Throughout the paper conv(A) is used for the classical convex hull of set A in a linear space, meaning the union of all straight-line segments joining points of A.
In this paper we discuss the methods of defining various concepts of a convex set in a discrete context. They are obtained by modifying the straight-line segment such that connectivity is not necessarily implied. We use the term segmental methods to define this type of technique.
The segmental methods may be grouped into several classes, according to the way in which each of them is elaborated:
1. Replacing the linear structure of the space by another type of structure and defining the notion of a straight-line segment. 2. In linear space, choosing a particular subset of the straight-line segment and using it instead of the straight-line segment. 3. In linear space, choosing a certain type of straight-line segment from the set of all straight-line segments. 4 . In a space, in which the notion of a straight-line segment is defined, another condition besides that of belonging to the set is supposed to be satisfied by the straight-line segment. 5. In a space, in which the notion of a straight-line segment is defined, points outside the straight-line segment are considered in relation to the given set. 6. Weak segmental case, when either the straight-line segment determined by two points is not unique or it must be situated in a particular context related to the set under discussion.
Methods 1-4 are used to define discrete convex sets. Methods 4-6 usually lead to convexity properties, which either have discrete particular cases or contain discrete sets among the convex sets according to the definition.
The general first-level classification of 100 notions of convexity properties for sets, contained in [16] is based on a definition of a generalized convexity concept that becomes the classifier. This definition is based on the identification of more common elements of all the convexity concepts from the collection. First, classical convexity is a particular case of each of them. Another common point is that all 100 concepts of convexity may be written using some key elements, obtaining a general classifying notion. Using these elements, the set of 100 convexities was divided into 11 classes by the manner in which they may appear in a definition. A second-level classification, according to structural criteria, groups the discrete convexities into subclasses, which are presented in this paper.
The key elements that are involved in the process of the elaboration of a convexity theory for sets are:
• A nonempty set X, which is the support set.
• A nonempty set Y.
• A nonempty subset S ⊆ 2 X .
• An S family of functions, s: S → 2 Y .
• An R family of functions, r : 2 X → 2 Y .
The elements of the subset S of the set of the parts of X will replace the pairs of points which appear in the definition of classical convexity. The function s: S → 2 Y will replace the straight-line segment determined by a pair of elements, which appear in the definition of classical convexity. The function r : 2 X → 2 Y will be used to rewrite the condition that every straight-line segment determined by pairs of elements of the set under consideration belong to this set. In the case of classical convexity the R family is a singleton and its unique element is the identity on 2 X . Condition s(C) ⊆ r (A) has to be satisfied in every definition of a convexity property of a set A ⊆ X, for C ⊆ A and C ∈ S.
All the discrete convexity properties and the convexity properties including discrete particular cases from our collection may be modelled using the above-described elements as segmental convexity.
The discrete convexity properties are grouped in the segmental subclasses of four classes identified in [16] , as shown in Table 1 .1.
Another type of convexity properties that are of interest from a discrete point of view consists in those convexity concepts having discrete particular cases. They appear in many applications in integer and rational programming.
Therefore, the convexity properties with discrete particular cases are grouped in the segmental subclasses of five classes identified in [16] (see Table 1 . [18] • Discrete convexity in Z 2 [20] • Fuzzy digital convexity [17] 3 (e, a)-((S, S), r ) 21 3
2). In what follows we
• Collinear 3-point convexity convexity [21] • Discrete convexity [2] , [3] • Discrete convexity [19] 4
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• Fuzzy ortho-convexity [ 
5] (a, e)-((S, s), R)
• Fuzzy ortho-concavity [7] present both the subclasses of discrete convexity properties and those including discrete particular cases, identifying some relations between them.
Discrete (S, s) Convexity Concepts
All the discrete convexity properties of the type described in this class are obtained by replacing the straight-line segment with one of its subsets identified by the condition of having integer coordinates. (S, s) convexity is obtained supposing that X = Y, the S family is a singleton, S = {s} with s: S → 2 X , and the R family is also a singleton, containing only the identity on 2 X , R = {1 2 X }.
(S, s) Discrete Convexities
The following examples present all the (S, s) discrete convexities, i.e. the (S, s) convexity properties of sets in case X = Z 2 .
Example 2.1. Discrete convexity in Z 2 [32] .
In Z 2 the distance
is used. The connectivity by means of arcs induced by this distance is considered and is called, as usual, 8-connectivity.
Definition 2.2. The 8-connected component A in Z 2 is said to be discrete convex if there is not a triplet (P 1 , P 2 , P 3 ) of collinear points, with P 2 situated between P 1 and P 3 , such that P 1 and P 3 are situated in A and P 2 belongs to the complement of A.
It means that each triplet of collinear points (P 1 , P 2 , P 3 ) with P 1 and P 3 situated in A has the property that P 2 lies in A.
We take Proof. We suppose that A is discrete convex. Then each triplet of collinear points (P 1 , P 2 , P 3 ) with P 1 and P 3 situated in A has the property that P 2 lies in A. Therefore, for each subset {P 1 , P 3 } ∈ S, with {P 1 , P 3 } ⊆ A, one has s({P 1 
Conversely, if A is (S, s) convex, then for each {P 1 , P 3 } ∈ S, with {P 1 , P 3 } ⊆ A, s({P 1 , P 3 }) ⊆ r (A) occurs. It means that each point P 2 collinear with P 1 and P 3 and situated between them, lies in A = r (A). Therefore, there is not a triplet (P 1 , P 2 , P 3 ) of collinear points, with P 2 situated between P 1 and P 3 , such that P 1 and P 3 are situated in A and P 2 belongs to the complement of A. It means that A is discrete convex. Example 2.2. Discrete convexity [34] (see also [35] ).
Recall that if x = (i, j) ∈ Z 2 , then the 8-neighbourhood of point x is the set
Each point belonging to V 8 (x) is said to be an 8-neighbour of x. According to Rosenfeld and Kak, Definition 2.3. A set A ⊆ Z 2 is discrete convex if every straight-line intersects A at most once, meaning only in a succession of 8-neighbour points.
It is obvious that this definition is equivalent to that by Minsky and Papert, therefore they belong to the same class. This concept of discrete convexity generated investigations into the situation when the above-mentioned intersection property holds only for straightlines with particular directions, leading to directional convexity.
(S, s) Convexities with Discrete Particular Cases
All the convexity properties from this subclass have discrete particular cases. Also, the convexities defined by these definitions in nondiscrete spaces do not imply connectivity in the topology of the space, including discrete sets among the convex sets. Examples of the strong convexity with respect to a given set are the directional convexities from [33] . Also, the conic approach to convexity from [23] and [38] are at the origin of the approach to convexity from Definition 2.4. Further properties and applications in integer and rational programming are presented in papers [25] - [31] .
The following example will prove that strong convexity with respect to a set M is a concept having discrete particular cases.
Example 2.4. Integer convexity [24] . Definition 2.5. A subset X ⊆ Z n is said to be an integer convex set if X is strongly convex with respect to Z n .
The following characterization proves that the integer convexity includes the discrete convexity of Rosenfeld and Kak [34] . Indeed, set A = {(0, 0), (0, 1), (1, 0), (1, 1), (1, 2)} is integer convex without being discrete convex according to Definition 2.3. It is easy to see that the intersection between set A and the straight line y = 2x is the set {(0, 0), (1, 2)}, which contains two points that are not 8-neighbours (Fig. 1) . If the concept of a straight line is replaced by a digital straight line, according to the description from [4] , then it is possible to find conditions for an integer convex set to be discrete convex as well (Fig. 2) . 
Proof. We suppose that r is a common divisor of numbers |x j − y j |, j ∈ {1, . . . , n}, and s ∈ {0, 1, . . . , r }. Therefore, for each j ∈ {1, . . . , n} there is a number u j ∈ Z such 
and because X is an integer convex set, we get that (1) is true. Conversely, supposing that for each pair of points x, y ∈ X, for each number r, which is a common divisor of numbers
n . In order to prove the integer convexity of set X we must show that z ∈ X. Since z = t x + (1 − t)y ∈ Z n and x − y ∈ X ⊆ Z n , it follows that t (x − y) ∈ Z n , which implies that t is a rational number. As t ∈ ]0, 1[, it follows that there are two numbers r, s ∈ N, such that t = s/r and fraction s/r is irreducible. Number r is a common divisor of all the components of vector (|x 1 
n and s/r is irreducible. On the other hand, t = s/r ∈ ]0, 1[ irreducible implies that s ∈ {1, . . . , r − 1}. In this case, according to our hypothesis, z = (s/r )x + (1 − s/r )y ∈ X, meaning that X is an integer convex set.
The intersection property contained in the definition of [34] is now obvious. It is also obvious, according to the previous example, that integer convexity is a property of (S, s) convexity.
Example 2.5. Slack convex sets with respect to M [24] .
Let (V, +, ·) be a real linear space and let M be a nonempty subset of V.
Definition 2.6. A subset A ⊆ V is called slackly convex with respect to
We choose Y = X, S = 2 X and consider function s:
, for all B ∈ S. As usual, we can prove the following result.
Theorem 2.4. A set A ⊆ V is slackly convex with respect to M if and only if A is (S, s) convex.
There are discrete sets that are slackly convex with respect to M, without having the strong property. For example, let X = {(0, 2), (
is not strongly convex with respect to Z 2 . However, set X is slackly convex with respect to Z 2 because we have
Example 2.6. Strong k-convexity with respect to a given set [24] .
Let (V, +, ·) be a real linear space. In the following we denote a nonempty subset of
If we take
∩ M, for all B ∈ S, then we obtain that the k-strong convexity with respect to a given set is an (S, s) convexity. Examples 2.3 and 2.4 are particular cases of the k-strong convexity with respect to a given set. It is easy to see that if a set A ⊆ X is k-strongly convex with respect to M, where k is a natural number, then A is also m-strongly convex with respect to M for each natural number m, m < k. The converse is not always true. Let A = {(−1, 0), (0, 2), (1, 1)}. Set A is 2-strongly convex with respect to Z 2 , but it is not 3-strongly convex with respect to Z 2 . Obviously, set A is not strongly convex with respect to Z 2 , i.e. integer convex. Also, we remark that if dim V = k, then a subset A of V is strongly convex with respect to M if and only if it is k-strongly convex with respect to M. Example 2.7. k-Strong convexity with respect to g and M [1] .
Let X and M be two arbitrary nonempty sets and let g be a convex hull operator on X. Let k be a natural number, k ≥ 2.
Theorem 2.5. A set A ⊆ X is k-strongly convex with respect to g and M if and only if A is (S, s) convex.
Obviously, if V is a linear space, M is a nonempty subset of V and k is a natural number, k ≥ 2, then k-strong convexity with respect to M is a particular case of k-strong convexity with respect to g and M, where g is takes the classical convex hull.
A nice example of 2-strongly convexity with respect to g and M is the following. Let M = {2 p | p odd number} and let g: 2 N * → 2 N * be a map with Let X and M be two arbitrary nonempty sets and let g be a convex hull operator on X (i.e. a mapping g:
Definition 2.9. A subset A ⊆ X is called strongly convex with respect to g and M if
∩ M, for all B ∈ S. As usual, we can prove the following result.
Theorem 2.6. A set A ⊆ X is strongly convex with respect to g and M if and only if A is (S, s) convex.
Example 2.3 presents a particular case of strong convexity with respect to g and M.
Because g is a convex hull operator on X, if a set A ⊆ X is strongly convex with respect to g and M, then A is k-strongly convex with respect to g and M, for each natural number k.. Example 2.9. Slack k-convexity with respect to g and M [1] .
Let X and M be two arbitrary nonempty sets and let g be a convex hull operator on X. Let k be a natural number, k ≥ 2. 
for all B ∈ S, then we can prove that a set A ⊆ X is slackly k-convex with respect to g and M if and only if A is (S, s) convex.
We remark that if a set A ⊆ X is strongly k-convex with respect to g and M, then it is also slackly k-convex with respect to g and M.
Example 2.10. Slack convexity with respect to g and M [1] .
Let X and M be two arbitrary nonempty sets and let g be a convex hull operator on X.
Definition 2.11. A subset A ⊆ X is called slackly convex with respect to g and M if
it is easy to prove that a set A ⊆ X is slackly convex with respect to g and M if and only if A is (S, s) convex.
Example 2.11. Slack n-convex sets with respect to M [24] .
Let (V, +, ·) be a real linear space and let M be a nonempty subset of V. Let n be a natural number, n > 0.
Definition 2.12.
A subset A ⊆ V is called slackly n-convex with respect to M if A = ∅ or if for all system x 1 , . . . , x n ∈ M ∩ A and all real numbers t 1 , . . . , t n satisfying conditions t 1 ≥ 0, . . ., t n ≥ 0, t 1 + · · · + t n = 1, and t 1 x 1 + · · · + t n x n ∈ M, we have
The property of slack n-convexity with respect to a given set M is a particular case of n-slack convexity with respect to g and M. Therefore, it is also an (S, s) convexity. Let X, T be two arbitrary sets, and let M be a nonempty subset of T. Consider the functions f : X → T and p: 2 T → 2 T . For every point x, y ∈ M, we define the set
As usual, taking Y = X, S = {{x, y} | x ∈ X, y ∈ X } and the function s:
for every {x, y} ∈ S, we obtain that the property of induced seg-convexity with respect to p, f and M is an (S, s) convexity.
There are particular discrete cases of this property of convexity. For example, let
((S, s), r) Convexity Properties Having Discrete Particular Cases
The convexity properties from this class are obtained by a segmental method with two variants: by adding to a straight-line segment some points from its neighbourhood, sometimes choosing them by looking into the given set through a network (as in the case of a digitization process). This class contains only convexity properties having discrete particular cases.
Supposing that the S family is a singleton, S = {s} with s: S → 2 Y , and the R family is also a singleton, R = {r }, with r : 2 X → 2 Y , we define ((S, s), r ) convexity as follows:
The framework for the convexity properties having discrete particular cases is, generally, provided by X = Z 2 or the case when X is a discrete network over a totally bounded metric space. Example 3.1. α-convex sets [11] .
Let (X, d) be a metric space together with the notion of a straight-line segment (not necessarily the metric segment) joining every pair (x, y) of points of X, denoted by x, y . We choose a real number α ≥ 0. Definition 3.2. Set A ⊂ X is said to be α-convex if it is empty or if for each two points x ∈ A and y ∈ A each point t ∈ x, y satisfies the condition d(t, A) ≤ α (Fig. 3) .
We take Y = X, S = {{x, y} | x ∈ X, y ∈ X } and define two functions s: S → 2 X and r : 2 
Theorem 3.1. A set A ⊆ X is α-convex if and only if A is ((S, s), r ) convex.
Proof. Set A is supposed to be α-convex. This means that for every x, y ∈ A and t ∈ x, y the inequality d(t, A) ≤ α occurs. This is equivalent to the fact that for every {x, y} ∈ S with x, y ∈ A, one has s({x, y}
There are discrete sets that are α-convex. For example, if X ⊂ R 2 , together with the Euclidean distance, such that the set
where Q is the set of all the rational numbers, then the set A is α-convex, for all α ≥ 0. Also, the set B = G 2 , where G ⊂ [0, 1] is the Cantor set in X = R 2 , is 1 2 -convex.
Remark 3.1. We remark that if the set A ⊂ Z 2 is α-convex, with
and the straight-line segment is given by x, y = {λx
Indeed, we suppose that A is not integer convex. Then there are two points x ∈ A and y ∈ A for which there is a point t ∈ ( x, y ∩ Z 2 )\A. As A ⊆ Z 2 , for point t we have
which is a contradiction with the hypothesis of α-convexity of A (Fig. 4) . The converse is not true, i.e. if A ⊆ R 2 is integer convex, then it is not necessary to exist a nonnegative real number α, satisfying (3), such that set A is α-convex. For example, let A = {(1, 1), (3, 2)} and let d(x, y) denote the Euclidean distance among x and y. Set A is integer convex, but it is not 1-convex (we have u = (2,
} is integer convex without being α-convex, with α < 1. We remark that if A ⊆ R 2 , but A ⊆ Z 2 , then the conclusion of Remark 3.1 is not always true.
Indeed, let
Set A is 1 2 -convex, but it is not integer convex because (1, 1) =
Example 3.2. Convexity with respect to a behaviour [12] .
The notion of behaviour provides us with an important tool to build a theory of generalized convexity (see [8] and [10] 
-[15]). For a presentation of this notion let A and B be two nonempty sets, let T be a collection of transformations T : A → B, let D be a nonempty part of B and let a ∈ A. If T (a) ∈ D, then the pair (D, T ) is said to be a strict behaviour of the element a. If T (a) ∈ D for every T ∈ T , then the pair (D, T ) is said to be a strong behaviour of the element a. If there is a transformation T ∈ T such that T (a) ∈ D, then the pair (D, T ) is said to be a weak behaviour of the element a. If there is an element a ∈ A such that T (a) ∈ D (or for every T ∈ T , T (a) ∈ D, or there is a T ∈ T having the property that T (a) ∈ D), then the pair (D, T ) is said to define a behaviour in A by means of B. Then
Comp(A, B) = {(D, T ) | D ⊆ B, T : A → B} {s − (D, T ) | D ⊆ B, T ⊆ { f | f : A → B}} {w − (D, T ) | D ⊆ B, T ⊂ { f | f : A → B}}
is called the set of behaviours of A by means of B. The elements of the set Comp(A, B) will be denoted either by C = (D, T ) or C = s-(D, T ) or C = w-(D, T ).
In the nonempty set X the notion of a straight-line segment, x, y , for x, y ∈ X, is defined. For the nonempty set B and its nonempty subset D ⊂ B, the behaviour (strict, weak, or strong)
Definition 3.3. Set A ⊂ X is called convex with respect to behaviour C if it is empty or if for every two points x, y ∈ A and for every t ∈ x, y , the condition (t, A) ∈ C(X ×2 X ) holds.
The convexity presented in the previous example is a particular case of convexity with respect to a behaviour. Indeed, we can take T :
As above, we take Y = X, S = {{x, y} | x ∈ X, y ∈ X } and we define functions s: S → 2 X and r : 2 X → 2 X by s({x, y}) = x, y , for {x, y} ∈ S and r (Z )
. Then a set A ⊆ X is convex with respect to the behaviour C if and only if A is ((S, s), r ) convex.
All the convexity properties from Section 2, except those from Examples 2.5, 2.9, 2.10 and 2.11 are convexities with respect to a behaviour.
Example 3.3. Slack (α, δ)-convexity with respect to a network [8].
A particular case of this convexity becomes, after a digitization process, discrete convexity according to the definition of Chassery [2] , as proved later in this paper.
Let (X, d) be a totally bounded metric space and for ε > 0, let E be a finite ε network over X, and a finite 2ε network over E is denoted by E. For a set A ⊂ X and a point x ∈ X, the distance between x and A is defined as usual by number d(x, A) = inf{d(x, a) | a ∈ A}. In X it is supposed that for every two points x ∈ X and y ∈ X the notion of a straight-line segment x, y is defined (not necessarily the classical one in metric spaces). Let the real numbers α ≥ 0 and δ ≥ 0, and let E be a network chosen as above.
Definition 3.4. Set A ⊂ X is said to be slackly (α, δ)-convex with respect to E if it is empty or if for each pair of points x, y ∈ A and for each t ∈ x, y if the element a ∈ E has the property that d(t, a) ≤ α, then the inequality d(a, A) ≤ δ also holds (Fig. 5).
We take Y = X, S = {{x, y} | x ∈ X, y ∈ X } and define two functions s: S → 2 X and r : 2 , s) , r ) convex. 
Theorem 3.2. A nonempty set A ⊆ X is slackly (α, δ)-convex with respect to E if and only if A is ((S

Proof. Set A is slackly (α, δ)-convex with respect to E if and only if for each x, y ∈ A and t ∈ x, y the inequality d(t, a) ≤ α, for a ∈ E, implies d(a, A) ≤ δ.
This is equivalent to the fact that for each {x, y} ∈ S, with x, y ∈ A, one has
Hence A is ((S, s), r ) convex. Therefore the hypothesis that A is slackly (α, δ)-convex is equivalent to the property of the ((S, s), r ) convexity of A.
It is obvious that the slack (α, δ)-convexity with respect to a set contains discrete cases. For example, set
, 11 5 ), ( 9 5 , 0)} is slackly ( 6 25 , √ 2/5)-convex with respect to Z 2 if the Euclidean distance is used for measuring.
Example 3.4. Slack convexity with respect to a set and two behaviours [9] .
X is assumed to be a nonempty set so that for every two points x, y of X the closed straight-line segment determined by these points, denoted by x, y , is defined. We suppose that M is a nonempty subset of X , that B and B are two nonempty sets, that D ⊂ B , D ⊂ B are nonempty subsets, and that T is a set of transformations T : X ×M → B . The behaviour C = (D , T ) (or a strong one s-(D , T ), or a weak one w-(D , T )) is defined in X ×M by means of B . For the set T containing transformations
X by means of B .
Definition 3.5. The set Y ⊂ X is said to be slackly convex with respect to set M and behaviours C and C if it is empty or if for each two points x, y ∈ Y and for each t ∈ x, y , if the element (t, a) ∈ C (X × M), with a ∈ M, then the element
As above, we take Y = X, S = {{x, y} | x ∈ X, y ∈ X } and we define functions s: S → 2 X and r : 2
Then it is easy to prove that a nonempty set A ⊆ X is convex with respect to set M and behaviours C and C if and only if A is ((S, s) , r ) convex. Also, it is evident that Example 3.3 presents a convexity that is a particular case of slack convexity with respect to a set and two behaviours. Other particular cases are the convexities defined in Examples 2.5, 2.9, 2.10 and 2.11. Let X, T be two arbitrary sets, let M be a nonempty subset of T and let us consider functions f : X → T and p: 2 T → 2 T . Let k ≥ 2 be a natural number.
Definition 3.6. A subset A ⊆ X is called induced k-strongly convex with respect to
Now, we take Y = X, S = {{a 1 , . . . , a k }|a j ∈ X, j ∈ {1, 2, . . . , k}} and define functions s: S → 2 X and r : 2
X . It is easy to prove that a set A ⊆ X is induced k-strongly convex with respect to p, f and M if and only if it is ((S, s), r ) convex.
There are discrete sets, which are induced k-strongly convex with respect to p, f and M. For example, let
A is induced 2-strongly convex with respect to p, f and M.
Special Partial ((S, s), r) Convexity Concepts
Special Partial ((S, s), r ) Discrete Convexity Concepts
The convexity properties from this class are obtained by a special segmental method, which looks into the given set through a network (as in the case of a digitization process).
Definition 4.1. A set A ⊆ X is said to special partially ((S, s), r ) convex if A ∈ S and s(A) ⊆ r (A).
Therefore, special partial convexity supposes that condition s(C) ⊆ r (A) holds for C = A. 
Definition 4.2.
A cellular blob is convex if there is at least one convex figure r of which the given cellular blob is an image (Fig. 6 ). 
Classes of Discrete Convexity Properties
479
F denotes the set of all plane figures. C B denotes the set of all cellular blobs. A digitization process is a function I : F → C B, such that I (a) = J, for a ∈ F and J ∈ C B is the cellular image of figure a. We denote I −1 (J ) = {a ∈ F | I (a) = J } and C F = {a ∈ F | a is classically convex}. Now, we take
, and s(a) = X, for a ∈ S\C F ∩ I −1 (C B), and r = 1 2 X . Then it is obvious that a cellular blob J is convex if there is an element a ∈ C F ∩ I −1 (C B) such that ((S, s) , r ) convex.
Theorem 4.1. A cellular blob J is convex if and only if J is special partial
Example 4.2. Digital convexity in Z
2 [18] .
Kim [18] defined a similar notion of discrete convexity in Z 2 , using the following model. Let A be a subset of a plane such that cl(int(A)) = A (A is the closure of its interior). This type of set is called regular. Each lattice point p ∈ Z 2 is regarded as the centre of an open unit square (cell), p
It is evident that digital convexity is another special partial ((S, s), r ) convexity. It is a convexity of cellular blobs, with particular cells, i.e. unit squares.
Example 4.3. Discrete convexity in Z
2 [20] .
Another discrete convexity notion is the cellular convexity introduced by Kim and Sklansky [20] . Even if it is equivalent to the convexity of cellular blobs, it is a distinct convexity notion referring to sets of rectangular cells in the plane, called cellular complexes, instead of sets of general cells. In order to define the convexity of discrete images in Z 2 , a network expressed by reducing the cells to some typical figures (squares) covers the plane. So, a mosaic, isomorphic to Z 2 , covers the plane.
Definition 4.4.
A connected component A is said to have cellular convexity if and only if there is at least one convex figure in R 2 that might become A after a digitization process.
It is obvious that this convexity belongs to the same class of properties as the convexity of cellular blobs.
Example 4.4. Fuzzy digital convexity [17] .
Let E be the Euclidean plane (it is possible to be a set in which the straight-line segment is defined and each straight-line is a totally ordered set). A subset M of E is said to be regular if it coincides with the closure of its interior, M = cl(int(M)). As in Obviously, fuzzy digital convexity is a special partial ((S, s) , r ) convexity.
Special Partial ((S, s), r ) Convexities Having Discrete Particular Cases
Example 4.5. Induced strong convexity with respect to p, f and M [1] .
Let X, T be two arbitrary sets, let M be a nonempty subset of T and let us consider functions f : X → T and p:
Definition 4.6.
A subset A ⊆ X is said to be induced strongly convex with respect to
We take Y = X, S = 2 X and define s: S → 2 X and r : 2
X . Now it is easy to prove that a set A ⊆ X is induced strongly convex with respect to p, f and M if and only if it is special partial ((S, s), r ) convex.
There are discrete sets having a convexity property of this type. For example, let
it follows that set A = {−1, 0, 1} is induced strongly convex with respect to p, f and M.
(e, a)-((S, S), r) Convexity Concepts
(e, a)-((S, S), r ) Discrete Convexity Concepts
This class also contains convexity properties obtained by looking to a set through a network in order to obtain an approximation of classical convexity. We include here the Classes of Discrete Convexity Properties 481 three-point convexity of Valentine, which is at the origin of an important number of applications leading to more concepts of discrete convexity.
Supposing that the R family is a singleton, R = {r }, with r : a)-((S, S) , r ) convexity as follows: said to be (e, a)-((S, S) , r ) convex if for every subset C ∈ S, C ⊆ A, there is a function s ∈ S which satisfies the inclusion s(C) ⊆ r (A).
The letter "e" from the pair (e, a) means that the S family appears accompanied by the existential quantifier (∃s ∈ S). The letter "a" from the pair (e, a) means that the R family appears accompanied by the universal quantifier (∀r ∈ R).
The following examples present all the (e, a)-((S, S), r ) discrete convexities, i.e. the  (e, a)-((S, S) , r ) convexity properties of sets in the case X = Z 2 or X is a discrete network over a totally bounded metric space.
Example 5.1. Three-point convexity [37] .
Three-point convexity is neither a discrete convexity nor contains nontrivial (sets containing more that two distinct points) discrete particular cases. However, it is the origin of an important point of view on digital convexity, with more applications, and this is the reason for its presence in our paper.
E n is supposed to be the n-dimensional Euclidean space and A ⊆ E n . Set A is said to have the three-point property P 3 if for each triple of points x, y, z in A at least one of the closed segments x, y , x, z , y, z is in A.
Definition 5.2.
A set A is three-point convex if A possesses the property P 3 .
We take X = E n , Y = E n {0 n+1 }, where 0 n+1 = (0, . . . , 0) ∈ E n+1 , and S = {{x, y, z} | x ∈ X, y ∈ X, z ∈ X }. Function r is the identity on 2 Y and the set of functions s is defined by S = {s x,y | s x,y : S → 2 Y , x ∈ X, y ∈ Y }, where
otherwise, for each x, y ∈ X.
Theorem 5.1. A set A ⊆ E n is three-point convex if and only if A is (e, a)-((S, S), r ) convex.
Proof. The proof is evident if we notice that, for each triple x, y, z ∈ A, the existence of two of them, say a and b, such that a, b ⊂ A is equivalent to the existence of a function s = s a,b satisfying
This means that A is (e, a)-((S, S), r ) convex.
Example 5.2. Collinear three-point convexity (C P 3 )-convexity) [21] .
Collinear three-point convexity is obtained by introducing the condition of collinearity in the definition of property P 3 defined by Valentine [37] . Collinearity was necessary in connection with the problem of the recognition of convexity by directional tests. The notion of C P 3 -convexity was defined as a plane property, even though it might be discussed in a more general framework. We keep the original framework. Let X = R 2 and A ⊂ R 2 . We say that set A has property C P 3 (collinear P 3 ) if P 3 holds for all collinear triples of points of A.
Definition 5.3.
A set A is C P 3 -convex if it has property C P 3 .
We take X = E n , Y = E n {0 n+1 }, where 0 n+1 ∈ E n+1 , and S = {{x, y, z} | x ∈ X, y ∈ X, z ∈ X, x, y, z collinear}. Function r is the identity on 2 Y and the set of functions s is defined by S = {s x,y | s x,y : S → 2 Y , x ∈ E n , y ∈ E n } where, for each
otherwise.
Theorem 5.2. A set A ⊆ E n is C P 3 -convex if and only if A is (e, a)-((S, S), r ) convex.
The proof is similar to the previous one.
Example 5.3. Discrete convexity [2] , [3] .
In the plane R 2 we consider the chessboard distance c(x, y) = max(|x 1 
For the real positive number h, we denote by
the set of the lattice points of the grid of step h over the plane.
In what follows, for each z ∈ R 2 and for each α ∈ [h/2, h[, we put
We take
h)} and we say that function s: S → 2 X has the property (P) if The proof is similar to the proof of Theorem 5.1. Further properties of this discrete convexity, together with applications in the study of cytology tests, are presented in [4] .
Remark 3.1 shows that each discrete convex set in Z 2 is integer convex, but the converse is not true, as the example of set A = {(0, 0), (1, 3)} shows.
Example 5.4. Discrete convexity [19] .
Kim and Rosenfeld [20] published a constructive geometrical approach for sets of knots of a network of type Z 2 (h) using the chessboard distance c(x, y)
Let A be an 8-connected component. A denotes the set of all the squares of side h > 0 centred in the points of S. The subset of R 2 containing all the points of A is denoted by p(A). Let bp(A) be its frontier. For every two points of A, P 1 and P 2 , the set of those polygons having the frontiers made both by parts of P 1 , P 2 and bp(A) and the interiors in p(A) is denoted by P(A; P 1 , P 2 ). The convexity notion defined by the two authors is: Definition 5.6. A connected component A is said to be convex if for every pair of points of A, P 1 and P 2 , the subset P(A; P 1 , P 2 ) does not contain points from the complement of A.
Therefore, we must have P(A;
(e, a)-((S, S), r ) Convexities Having Discrete Particular Cases
Example 5.5. Strong (α, δ)-convexity with respect to a network [8] .
Let (X, d) be a totally bounded metric space and for ε > 0, let E be a finite ε network over X. A finite 2ε network over E is denoted by E. For a set A ⊂ X and a point x ∈ X, the distance between x and A is defined as usual by the number d(x, A) = inf{(x, a) | a ∈ A}. In X it is supposed that, for every two points x ∈ X and y ∈ X , a notion of a straight-line segment x, y is defined (it might be distinct from the metric straight-line segment).
We fix the real numbers α > 0 and δ > 0, and let E be a network chosen as above.
Definition 5.7. Set A ⊂ X is said to be strongly (α, δ)-convex with respect to E if it is empty or for every pair of points x, y ∈ A and for every t ∈ x, y there is an element a ∈ E such that d(t, a) ≤ α and d(a, A) ≤ δ.
where u z ∈ M z , for all z ∈ x, y . We put S = {s | s: S → 2 X , s has property (P)}. We define function r : 2 X → 2 X by r (B) = {m | m ∈ M, (m, B) ∈ C (M × 2 X )}, for all B ∈ 2 X . Then it is easy to prove as above that set A ⊂ X is strongly convex with respect to set M and behaviours C and C if and only if it is (e, a)-((S, S) , r ) convex. Also, it is easy to prove that the previous example presents a particular case of strong convexity with respect to a set M and two behaviours, following the method described in Example 3.2. Applications of these convexity properties are suggested in [10] and [13] - [16] .
Each convexity from Section 2, except those from Examples 2.5, 2.9, 2.10 and 2.11 are properties of this type. Also, Examples 3.1 and 3.2 could be modelled as in Definition 5.8.
Special Partial (a, e)-((S, S), R) Convexity Concepts with Discrete Particular Cases
This subclass contains the directional segmental convexities obtained by digitization of the fuzzy directional convexity and concavity. Therefore, in this case only some types of straight-line segments are taken into account: those that are either horizontal or vertical.
The following examples present all the special partial (a, e)-((S, S), R) discrete convexities, i.e. the special partial (a, e)-((S, S), R) convexity properties of sets in the case X = Z 2 or X is a discrete network over a totally bounded metric space.
Definition 6.1. A set A ⊆ X is said to be special partially (a, e)-((S, S), R) convex if A ∈ S and for each function s ∈ S there is a transformation r ∈ R which satisfies the inclusion s(A) ⊆ r (A).
This class of discrete convexity contains especially fuzzy discrete convexities and fuzzy discrete concavities. Example 6.1. Fuzzy ortho-convexity [5] .
Let E be the Euclidean plane.
Definition 6.2.
A fuzzy set A in E is fuzzily ortho-convex if for all x ∈ E, y ∈ E, such that x, y is either horizontal or vertical, and all point z ∈ x, y the inequality χ A (z) ≥ min{χ A (x), χ A (y)} holds. 
Theorem 6.1. A set A ⊆ E is fuzzily ortho-convex in E if and only if A is special partially (a, e)-((S, S), R) convex.
A directional construction as in Example 4.4 leads to a particular discrete case. Applications in pattern recognition are described in [6] . Example 6.2. Fuzzy ortho-concavity [7] .
Let E be the Euclidean plane. Definition 6.3. A fuzzy set A in E is fuzzily ortho-concave if for all x ∈ E, y ∈ E, which are either on a horizontal line or on a vertical one, and each z ∈ x, y the inequality χ A (z) ≤ max{χ A (x), χ A (y)} occurs.
We take X = E, Y = [0, 1] × E × E, S = 2 E , S = {s x,y | x ∈ E, y ∈ E, x, y is either horizontal or vertical}, where s x,y : S → 2 Y is defined by s x,y = {(χ A (z), x, y) | z ∈ x, y }, R = {r u,v | u ∈ E, v ∈ E}, r u,v : 2
Theorem 6.2. A set A ⊆ E is fuzzily ortho-concave in E if and only if A is special partially (a, e)-((S, S), R) convex.
It is obvious that the ((S, S), R) terminology allows us to treat this concavity as a convexity with discrete particular cases.
This classification of discrete convexity concepts offers more tools to construct discrete theories that are approximations of existing continuous versions. Papers [13] - [16] and [28] - [31] contain more possibilities of creating framework for both theoretical and practical applications of various types of convexity properties that contain discrete particular cases.
In this paper we did not consider the axiomatic convexities that allow the construction of various discrete models, in lattices or in various ordered sets. They provide the reader with other methods to build discrete convexity theories. Here we preferred to make a unifying systematic discussion of the discrete convexities that appear in various applications in integer programming, rational programming or in pattern recognition.
